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LESSON 04 9709 TO 9231

Binomial distribution

Model a fixed number of independent trials and calculate the number of successes.

By the end of this lesson

» Recognise when a binomial model is appropriate.
« Calculate exact, cumulative and complementary probabilities.
+ Use the binomial mean and variance and interpret the results.

 Translate probability wording into the correct integer event.

Before you begin: Independent events and complementary probabilities; Combinations and factorial notation;
Mean and variance of a discrete random variable.

1. Recognising a binomial experiment

A binomial variable counts successes in a fixed number of trials. A success is simply the outcome
you decide to count: a faulty component can be a success in the mathematical model. Define the
variable in words before writing a distribution. For example, X might count faulty components among
20 independently produced components.

« The number of trials, n, is fixed in advance.

- Each trial has two categories: success and failure.

The trials are independent: one outcome does not change another trial’s probability.
« The success probability, p, is constant on every trial.
KEY FORMULA Model and possible values

X ~ B(n,p), X €{0,1,...,n}

n is a positive integer and 0 < p < 1. Write ¢ = 1 — p for the failure probability.

Check these assumptions against the situation. Sampling without replacement from a small finite group
usually changes the success probability and creates dependence. An exact binomial model then fails.
A large population can sometimes justify an approximation, but that needs a reason; the word “random”
alone does not establish independence.
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2. The probability of exactly r successes

One particular sequence containing r successes and n—r failures has probability p” (1—p)™*~". There are
(") different positions for those successes. Add the probabilities of these mutually exclusive sequences
by multiplying by the combinations factor.

KEY FORMULA Binomial probability

P(X =r1)= (:L)pr(l -p)", (Z) = 74(+ir)|

Use integer » with 0 < r < n and a valid binomial model. Remember 0! = 1.

WORKED EXAMPLE Worked example 1: exactly two wins

An electronic game has independent rounds, each with win probability 0.4. Six rounds are played.
Find the probability of exactly two wins.

1. ili
Let X count wins. There are six independent trials with constant success probability, so X ~

B(6,0.4).

Substitute the number of trials, wins and failures.

P(X =2)= <g> (0.4)%(0.6)*

The 15 combinations count all possible positions of the two wins.
P(X =2) =15(0.16)(0.1296) = 0.31104

Answer. The probability is 0.31104, or approximately 0.311.

COMMON MISTAKE Do not calculate just one ordering

The expression (0.4)%(0.6)* represents one specified ordering. “Exactly two wins” allows the wins in any
two of the six positions, so the factor (g) is essential.

3. Cumulative probabilities and complements
A cumulative probability adds probabilities for several possible counts. Because the values are integers,

wording such as “more than” and “at least” changes the first included value. Write that value down before
choosing a sum or calculator command.
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Wording Event Useful equivalent
At most k X<k Sk P(X =7)
Fewer than k X <k X<k-1

At least k X >k 1-P(X<k-1)
More than k& X >k 1-P(X <k)

WORKED EXAMPLE Worked example 2: at least two late deliveries

In an illustrative model, eight deliveries are independent and each is late with probability 0.25. Find

the probability that at least two are late.

1.
Let X ~ B(8,0.25). The complement of “at least two” is “zero or one”.

2.
Calculate the shorter complementary sum.
P(X >2) =1-[(0.75) + 8(0.25)(0.75)]

3. . ,
Evaluate without rounding the two terms early.
P(X >2)=0.6329193115. ..

Answer. The probability is approximately 0.633.

METHOD TIP Show the event before using technology

If a calculator gives P(X < k), enter k — 1 when finding the complement for P(X > k). Record your model

and probability statement so the calculation remains understandable.

4. Mean, variance and standard deviation

The mean is the long-run average success count over many repetitions of the entire experiment. It need
not be a possible individual count. Variance measures spread around that mean; standard deviation

expresses the spread in the same units as X.

KEY FORMULA Binomial moments

E(X) = np,

Var(X) = np(1 — p),

These formulas apply when X ~ B(n, p).
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WORKED EXAMPLE Worked example 3: interpreting the spread

Each of 20 seeds independently fails to germinate with probability 0.1. Let F' count failures. Find
its mean, variance and standard deviation.

1.
Define failure to germinate as a success in the probability model: F' ~ B(20,0.1).

Apply the moment formulas.
E(F)=20(0.1)=2,  Var(F)=20(0.1)(0.9) = 1.8

Take the square root of the variance.
SD(F) = V1.8 = 1.3416.. ..
Answer. The average is 2 failures per group of 20; the standard deviation is about 1.34 failures.

A particular group need not have exactly two failures.

If the mean and variance of a non-degenerate binomial model are known, dividing variance by mean
gives 1 — p. You can then recover p and n. Check that the resulting n is an integer and p lies between 0
and 1.

5. Reading a binomial distribution

J X ~ B(10, 0.3)
0.25 Darker bars: X = 4
0.20 -
=
y 0.15-+
<
o
0.10 -
0.00 - ‘ ‘ ‘ ‘ ' ' - -
0 1 2 3 4 5 6 7 8 9 10

Number of successes

The distribution X ~ B(10, 0.3) has support 0 to 10. Highlighted bars represent P(X > 4), the sum of the
bars at 4 through 10.

Each bar gives the probability of one count, and all bar probabilities sum to 1. The mean is np = 3, but it
is not a boundary splitting the probability equally. For p below one half the distribution can have a longer
right tail. The binomial support always stops at n, regardless of the shape.

6. A reliable solution method

- Define the counted success and write X ~ B(n, p).

« Check that the model assumptions match the context.
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- Translate the wording into an integer event.
« Choose the exact formula, a cumulative sum or a complement.

+ Keep extra precision during working, then interpret the resuilt.

COMMON MISTAKE Variance is not standard deviation

np(l — p) is the variance. Take its square root when standard deviation is requested. Also remember that
a probability lies between 0 and 1; the mean count is not a probability.

Check your understanding

Try each question before reading its worked solution. Keep unrounded values during calculations.
PRACTICE Question 1

X ~ B(10,0.3). Find (a) P(X =4) and (b) P(X > 4).

1. . .
For the exact count, use four successes and six failures.

P(X =4) = <140> (0.3)4(0.7)5 = 0.200120949

2.
For the upper tail, exclude counts zero through three.
3

1
PX>4)=1-) (f) (0.3)7(0.7)1°7" = 0.3503892816

r=0

Answer. (a) 0.200; (b) 0.350, to three significant figures.

PRACTICE Question 2

Twelve independent trials each have success probability 0.2. Find the probability of at least one
success.

1.
Let X ~ B(12,0.2). The complementary event is no successes.

2.
Every trial must fail for that event.
P(X>1)=1-P(X =0)=1-(0.8)? =0.9312805233 . ..

Answer. The probability is approximately 0.931.
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PRACTICE Question 3

Stretch: a binomial variable has mean 6 and variance 4.2. Find n and p.

1.
Write the two moment equations.

np = 6, np(l —p) = 4.2

2.
Divide the variance equation by the mean equation.

4.2
1l—p=—=0.7, p=0.3
6
3. : , :
Substitute into the mean equation.
6
=—=20
" 03

Answer. n = 20 and p = 0.3.

PRACTICE Question 4

A bag contains 3 red and 7 blue counters. Four counters are drawn without replacement. Explain
why a binomial model for the red count is not exact. If each counter is replaced and the bag mixed
after each draw, give the model, mean and variance.

1.

Without replacement, the next red probability depends on earlier colours; the trials are depen-
dent.

With replacement and mixing, each draw has red probability 3/10 independently, so R ~
B(4,0.3).

Apply the moments.
E(R) =4(0.3) = 1.2, Var(R) = 4(0.3)(0.7) = 0.84

Answer. The replacement model is B(4, 0.3), with mean 1.2 and variance 0.84.
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Ready to move on?

O | can identify the four binomial conditions.

O I can explain the combinations factor.

O I can distinguish “at least”, “more than”, “at most” and “fewer than”.
O I can find and interpret mean, variance and standard deviation.

O I can check whether a numerical answer is plausible.

Next: Geometric distribution. Change from a fixed number of trials to waiting until the first success.

Course alignment: selected 9709 Statistics 1 and 2 foundations for Further Mathematics 9231. Numerical examples are original teaching
examples.

Cambridge 9709 syllabus, section 5.4: discrete random variables - Cambridge 9231 prior-learning guidance
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